Photonic Integrated Circuits — Lecture Notes
(Detailed)

Polarization & TEM/TE/TM Fields; Elementary EM

Waves; Absorption/Dispersion; Scattering; Pulse
Propagation
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1 Conventions and Starting Point (Phasors, Maxwell,
Constitutive Laws)

1.1 Time-harmonic convention
We adopt the phasor convention e™“!. Physical fields are the real parts:

E(r,t) = Re{E(r)e '}, H(r,t) = Re{H(r)e '}, (1)
Thus 0/0t — —iw for phasors.

1.2 Maxwell equations in phasor form

v-D-p, @)
V-B =0, (3)
V x E =iwB, (4)
VxH=J-iwD. (5)
Linear isotropic constitutive relations:
D =c¢E, B = uH. (6)
In many optical dielectrics pu = pg; we keep p general until specializing.
1.3 Source-free homogeneous region
In a homogeneous, source-free region:
p=0 J=0, e=const, pu=const, (7)
Maxwell reduces to
V x E = iwpH, (8)
V x H = —iweE, 9)
V-E=0, V-H=0. (10)

2 Polarization and TEM Fields (TE, TM Solutions)

This section develops the fundamental structure of electromagnetic plane waves and in-
troduces the TE, TM, and TEM classifications. The results here will be reused directly
when reducing Maxwell’s equations to waveguide eigenvalue problems.

2.1 Plane waves: transversality, dispersion, impedance, and po-
larization

2.1.1 Plane-wave ansatz and differential operators

Physical assumption. In a homogeneous, source-free medium, we seek solutions that
propagate without change of shape. This motivates the plane-wave ansatz, where spatial
dependence is purely exponential.



Assume time-harmonic phasors of the form
E(r) = Eoe*",  H(r) = Hye*7, (11)

where k is the wavevector and Eg, Hy are constant complex amplitudes.

Key operator identities. For any constant vector F\,
Veik-r — ik eik~r’

V X (Fgeik'r) _ i(k % Fo)eik'r, vV - (Foeik-r) — i(k . Fo)eik'r.

These identities convert Maxwell’s differential equations into algebraic relations be-
tween Eq, Hy, and k.

2.1.2 Relation between field amplitudes E; and H,

Insert the plane-wave ansatz into Faraday’s law (source-free):
V x E = iwuH.
Using the curl identity above,
i(k x Eg)e'™™ = iwuHe™™.

Cancel ie’*T to obtain

1
kXEOZW/LHQ = Hy=—k xE,. (12)
W

Logic note: The magnetic field is not independent; it is generated by spatial rotation
of the electric field.

2.1.3 Transversality and dispersion relation
From Gauss’s law in a source-free region, V - E = 0:
i(k-Ep)e** =0 = k-E;=0.

Similarly, k - Hy = 0.

k-Eo=0, k-Hy=0 (13)

Physical meaning: Plane electromagnetic waves are strictly transverse: both E and
H lie in the plane perpendicular to the direction of propagation.
Now insert the plane-wave form into Ampere-Maxwell’s law:

V x H = —iweE.

Using (12)):

1
k x (k X E0> = —WEon.
Wit



Apply the vector identity a X (a x b) = a(a-b) —b(a-a), and use k- Ey = 0:
—:E()l-{?2 = —w2,u5E0.

Hence,

w 1
k = w\/ue, Up = — = ——. 14
/”L p k' /—Iug ( )
Logic note: The wavevector magnitude is fixed by material properties alone. This is
the electromagnetic origin of refractive index.

2.1.4 Wave impedance
From and transversality,

1 k
[Ho| = —|k x Eg| = —|Eq|.
Wit W

&
H| = WEO\.
1

[
[Eo| = n[Ho|, n= \/Z (15)

Physical meaning: n sets the ratio of electric to magnetic energy in a propagating
wave.

Using k = w./ue,

Thus,

2.1.5 Polarization ellipse

Because Ej is transverse, it can be decomposed into two orthonormal directions €, €5 L
k:
EO = Elél + Egég, Ej = |Ej|€l¢j.

The physical electric field is
Ephys(t) = |E1| cos(wt — k- v+ ¢1)€1 + | E2| cos(wt —k - r + ¢y)és.
Eliminating time yields an ellipse traced by the field tip. Special cases:
e Linear polarization: ¢o — ¢; = 0,7,
 Circular polarization: |E;| = |Es| and ¢g — ¢y = £7/2,
o General elliptical polarization otherwise.

Linear polarization occurs when the two transverse components oscillate in phase or
antiphase, so that their ratio is time-independent and the field direction is fixed.



2.2 TEM, TE, and TM field classifications

Assume predominant propagation along +z. Decompose fields into transverse and longi-
tudinal parts:
E:Et—FiEz, H:Ht—i—iHZ

Definitions:
TEM: E, =0, H,=0, (16)
TE: E,=0, H,#0, (17)
T™: H,=0, FE,#QO. (18)

Logic note: Exact TEM waves require at least two conductors; hence they do not
exist in hollow dielectric guides. Pure TE/TM modes arise only in special geometries
(e.g. slab waveguides); otherwise modes are hybrid.

2.3 Exact TE/TM reduction in 1D stratified dielectrics
Assumptions:

« Material varies only in z: € = e(z), pu = p(x),

e Invariance in y,

« z-propagation: 0/0z — if.

This reduces the vector Maxwell equations to scalar second-order ODEs.

2.3.1 TE polarization: scalar equation for E,(z)

Assume .
E(z,2) =y E, (). (19)
Following the steps shown earlier yields
d’E
dx2y + (wz,uz—: — 52> E,=0. (20)

Boundary conditions at a dielectric interface:

1 dE,
p dx

E, continuous, continuous. (21)

2.3.2 TM polarization: scalar equation for H,(z)

Assume .
H(z,2) =y H,(z)e. (22)
This yields
d?H,
dey + (w2u€ — 52) H,=0. (23)
Boundary conditions:
1 dH,
H, continuous, ——— continuous. (24)
e dz




2.3.3 Propagating vs. evanescent transverse behavior
Define
k2 = w?ue — B2
Then
d2v
da?

+ k20 =0, ¥ = FE, (TE) or H, (TM).

o k2> 0: oscillatory (propagating),

e k2 < 0: evanescent decay.

This distinction underlies dielectric confinement and all guided-wave optics in PICs.

3 Elementary Electromagnetic Waves

In photonics and electromagnetics, most fields encountered in practice can be understood
as superpositions or limits of three fundamental wave families: plane waves, spherical
(dipole) waves, and Gaussian beams. Fach represents a different symmetry and physical
situation.

3.1 Plane waves (review) and time-averaged energy flow
Plane waves describe fields that propagate without diffraction in a homogeneous medium.

They are the local building blocks of more complicated wavefields.

Time-averaged energy flow. For time-harmonic fields, the physically relevant power
flow is given by the time-averaged Poynting vector:

(S) = ;Re{E < H'Y. (25)

Logic: Instantaneous power oscillates rapidly at optical frequencies. Averaging over
one optical period removes these oscillations and yields the net energy flow.
For a lossless plane wave:

« (S) is parallel to the wavevector k,
« energy propagates in the same direction as phase fronts.
The magnitude is

B 1 |Eg|? 1

- 2

where n = /pu/e is the wave impedance of the medium.

3.2 Spherical waves and radiating dipoles

Plane waves are idealized solutions with infinite transverse extent. Localized sources
instead generate spherical waves.



3.2.1 Outgoing spherical wave from the Helmholtz equation

In a homogeneous medium, the scalar Helmholtz equation reads
(V2 + E?)u(r) = 0. (26)

A fundamental outgoing solution is

u(r) = —, r=|r|. (27)

Logic:

o The factor e*" represents outward-propagating phase fronts.

o The 1/r decay reflects conservation of energy over expanding spherical surfaces.
More rigorously, the Green function satisfies

(V2 +£)G(r,x') = —d(r — 1),

with solution
eik\rfr’\

G(I‘, r ) = m (28)

Logic: This Green function represents the field generated by a point source and is the
basis for all radiation and scattering solutions.

3.2.2 Oscillating electric dipole: far-field structure

An oscillating electric dipole ‘
p(t) = Re{poe ™"}

is the simplest radiating electromagnetic source.
In the radiation (far-field) zone, defined by kr > 1:

o fields are transverse to the radial direction r,
o field amplitudes scale as 1/r,
o electric and magnetic fields are mutually orthogonal.

For a dipole oriented along z,

C02|100|

. 1
|Eraq| o sin 6, H,.q~ Er X Eaq.

Logic: The sinf angular dependence produces a toroidal (donut-shaped) radiation
pattern, which appears universally in dipole radiation and Rayleigh scattering.

3.3 Gaussian beams and the paraxial approximation

Plane waves do not diffract, while spherical waves diverge strongly. Gaussian beams
describe real laser beams that diffract slowly.



3.3.1 From Helmholtz to the paraxial wave equation

Start from the scalar Helmholtz equation:
VU + k*U = 0.
Assume a slowly varying envelope:

U(z,y,2) = ¢(z,y,2) ™.
Logic: The rapid oscillation e** accounts for forward propagation, while v captures
beam spreading and curvature.
Substituting into Helmholtz gives
2
V2 + M +21ka¢ 0.
0z
The paraxial approximation assumes that the wave propagates mainly along one pre-
ferred axis (here z), and that any variation of the field along this axis is slow compared
to the optical wavelength.
The parazial approxrimation assumes

0% 31/1
22| < |"a:
leading to
21k2¢ + Vi =0. (29)

The term kO, comes from forward propagation. The term 0?1 represents rapid lon-
gitudinal variation or backscattering. For beams that, are not tightly focused, do not
bend sharply, and propagate mostly forward, the second longitudinal derivative is much
smaller and can be neglected.

3.3.2 Fundamental Gaussian beam

A fundamental solution of the paraxial equation is

o) = oo (= Ve feiictan, o)

w?(2)
where

z\? 2r\ 2

1+<>, R(z) =z 1—1—() ,
ZR z
¢ ) 7Tw(2)

= arctan —_—.

A
Logic:

o w(z) describes beam spreading,
» R(z) gives wavefront curvature,

e ((2) is the Gouy phase shift.

For full electromagnetic beams, the condition V-E = 0 introduces a small longitudinal
field component. Its magnitude is of order

Wo
edlv ~ o,
ZR

and vanishes in the plane-wave limit.



4 Absorption and Dispersion

We derive absorption and dispersion from complex permittivity and causality, then con-
nect to group velocity and pulse effects.

4.1 Causality = complex susceptibility and Kramers—Kronig

In a linear time-invariant dispersive medium, the polarization responds causally:
t
P(t) = & / X(t—E(E) df,  x(t <0)=0. (31)

Then D = ¢oE + P gives in frequency domain:

D(w) =e(W)E(w),  ew) = eoll +x(w)]. (32)

Causality implies analyticity of x(w) in the upper-half complex w plane, yielding Kramers—
Kronig relations between real and imaginary parts [2]:

—7?/ X _“Z) du, (33)
7> / 2 fl do. (34)

Thus dispersion and absorption are fundamentally linked.

4.2 Complex refractive index and attenuation (Beer—Lambert)

Let

( ) =€) +i"(w),  n(w) =n(w) +ik(w), (35)

with (for u = pp) n° = €/eg. Then the plane-wave propagation constant is

k(W) = koit(w) = = [n(w) + in(w)] .

Co

A field factor e** becomes

eikz — eikonz efkonz.
Hence field amplitude decays as e™** with
w
a(w) = kok(w) = —k(w). (36)
Co

Intensity I oc |E|? therefore obeys Beer—Lambert:

I(z) = I(0) e ?** = [(0) e~ 1%, ar = 2a. (37)
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4.3 Phase velocity, group velocity, and group index

Define the (real) phase constant

8(w) = Re{h(w)) = Zn). (38)
Phase velocity: w c
Up = 8 - n(w)

Group velocity:

Compute df/dw from (38):

dw ¢ dw
Therefore
Co Co dn
_ - — 40
Ug(CU) n(w) + %7 ng((.d) Ug n((,d) + w dUJ ( )

5 Scattering of Electromagnetic Waves (Born, Rayleigh,
Mie)

Scattering describes how electromagnetic waves are redistributed in space due to inho-
mogeneities in material properties. In photonics, scattering determines losses, radiation,
sensing, and near-field interactions.

We develop a natural hierarchy of models:

 Born approximation: weak scattering, single interaction with the object.
« Rayleigh scattering: electrically small particles, dipole response.

» Mie scattering: exact solution for a sphere of arbitrary size.

5.1 Material inhomogeneity as an effective scattering source

Assume:
o No free charges or currents in the region.
o Nonmagnetic media: u = pug everywhere.
o A homogeneous background with a localized perturbation.

Write the permittivity as

e(r) =g, + Ace(r), Ag(r) localized in space.

11



Using the frequency-domain Maxwell equations, the electric field satisfies the vector
wave equation

V xVxE-ki(r)E=0, er(r) = asir) (41)

Split the relative permittivity into background and perturbation:
er(r) = emp + Agy ().
Substituting into gives

V x V x E — ke,E = k}Ae, (r)E. (42)

Physical interpretation. The left-hand side is the wave operator of the homogeneous
background medium. The right-hand side acts as an effective volume current source in-
duced by the permittivity contrast. Scattering is therefore viewed as radiation generated
by this induced source.

5.2 Born approximation (weak, single scattering)

Write the total field as
E= Einc + Esc>

where the incident field satisfies the background equation
V x V X Eine — kg&,pEine = 0.
Subtracting from yields the scattered-field equation

V x V x Eg — kienEs = kjAs,(r)E.

Born approximation assumption. If the permittivity contrast is weak and the object
is small or low-index, then the total field inside the scatterer is well approximated by the
incident field:

E =~ E;,..

This yields the first-order Born approximation:

V x V x Ey. — kigpEse = kjAc, (r)Ei(r). (43)

Scalar Green-function form. In a scalar approximation, this reduces to
<V2 + kl?)USC(r) = —V(r)tinc(r),

with solution
eikb|r7r’\

—— d%. 44
A7t|r — 1| " (44)

U (T) = / V() time (r)

Validity. The Born approximation fails when multiple scattering, resonances, or strong
index contrast occur.

12



5.3 Rayleigh scattering (dipole limit, ka < 1)

Consider a dielectric sphere of radius a and permittivity ¢, embedded in a background
Ep. If
ka < 1,

the electromagnetic field varies negligibly across the particle.

Key physical idea. The particle responds as an induced electric dipole. Higher multi-
poles are suppressed by powers of ka.

5.3.1 Quasi-static polarizability
Solving the electrostatic boundary-value problem yields the dipole polarizability

a = dregepa’ (;p_:;;b) , p = aE;,.(0). (45)

5.3.2 Rayleigh scattering cross section

The radiated power of an oscillating dipole gives the scattering cross section

2
Ep — &b

kit 2 = 8T 4
€p + 2¢&

7]% ab

46
6rede?, 3 (46)

O-SC

Key consequence. Because k, = 27/\, Rayleigh scattering scales as
Oge X A1,

explaining why short wavelengths scatter more strongly (e.g., blue sky).

5.4 Mie scattering (exact solution for a sphere)

For a sphere of arbitrary size, no approximation in ka is made. The fields are expanded

in vector spherical harmonics.
Define: -
r = kya, m= —.

Introduce Riccati—Bessel functions
Yil2) = 2je(2),  &lz) = 20V (2).

The Mie coeflicients are

a — mapp(ma)vy(x) — (@) (ma)
L miy(ma)éi(x) — E(x)p(ma) (47)
¢f(mx)¢z($) m z( JYp(ma)

13



5.4.1 Cross sections

The total scattering and extinction cross sections are

2

O = 717 (20 +1) (lacl® + o) (49)
b ¢=1
2 o0

oxs = /?7; S(20 + 1) Re{ay + b}, (50)
b =1

with absorption
Oabs = Oext — Osc-
Hierarchy connection.
» Rayleigh scattering emerges from Mie theory for £ = 1 and ka < 1.
o Born approximation corresponds to neglecting multiple internal reflections.

o Mie theory captures resonances, morphology-dependent scattering, and near-field
effects.

6 Pulse Propagation in Dispersive Media

An optical pulse is not a single frequency but a superposition of monochromatic compo-
nents. In a dispersive medium, each frequency component accumulates a different phase
during propagation, leading to pulse distortion and temporal broadening.

The goal of this section is to derive the pulse broadening law directly from Maxwell-
consistent spectral propagation.

6.1 Pulse as a superposition of monochromatic components

Consider a linearly propagating pulse along the +z direction in a homogeneous, linear,
dispersive medium characterized by the propagation constant k(w).

Using the analytic (positive-frequency) signal representation, the electric field can be
written as

E(z,t) = /OO E0,w) exp{ik(w)z} exp{ - iwt] dw. (51)

— 00

Physical meaning. FEach spectral component w propagates independently and accu-

mulates a phase k(w)z. Dispersion enters entirely through the frequency dependence of
k(w).

6.2 Carrier—envelope separation

Choose a carrier frequency wy near the pulse center and define the detuning
O =w— wp.
Factor out the rapidly oscillating carrier:

E(z,t) = exp [i(koz - wot)} A(z,t), ko = k(wo)-

14



The slowly varying envelope A(z,t) is then
Az, t) = /A(O,Q) exp{i[k(wo + Q) — ko]z} exp{ - iQt} dQ. (52)

Why this helps. Separating carrier and envelope allows us to track only the physically
relevant pulse shape evolution, not the rapid optical oscillations.

6.3 Taylor expansion of the propagation constant

Because the pulse spectrum is typically narrow, k(w) can be expanded around wy:

1 1
k(wo 4+ Q) = ko + k1Q + 51@92 + gkgm SR (53)
where -
by = ——
dw™

wo
Interpretation of coefficients.

o ki = 1/v, determines the group velocity.

o ko describes group-velocity dispersion (GVD).

» Higher orders (ks, etc.) describe pulse asymmetry and distortion.

6.4 Retarded time and the group-velocity frame

When a pulse propagates in a dispersive medium, two effects occur simultaneously: (i)
the entire pulse envelope translates forward at the group velocity, and (ii) the pulse shape
changes due to dispersion. To separate these two effects, it is convenient to describe the
field in a reference frame that moves together with the pulse envelope.

Define the retarded (comoving) time variable

dk 1
T:t—klz, ]{?1: - = — (54)
dw wo Vg

where v, is the group velocity. Equivalently, 7 =t — z/v,.

Physical meaning. The quantity z/v, is the time required for the pulse envelope to
travel a distance z. Thus 7 measures time relative to the pulse center. In the (z,7) frame,
the pulse peak remains fixed near 7 = 0, and all remaining evolution corresponds to true
pulse distortion rather than translation.

Role in the spectral representation. After expanding k(w) about wy, the linear term
produces the phase factor exp(ik;2z) exp(—iQ2t). Introducing 7 combines these terms as

exp(—iQt) exp(ik1Qz) = exp(—iQ7),

which exactly removes the group-delay contribution from the integral.

15



Consequence. In the retarded-time frame, the envelope evolution is governed only by
higher-order dispersion terms (ks, k3, ...). This leads directly to a Schrodinger-type
propagation equation for the envelope, with z as the evolution variable and 7 as the
temporal coordinate.

6.5 Group-velocity dispersion (GVD) only

If higher-order dispersion is negligible, retain only ks:
7 Rt .kQ 2
A(z,) = A(0,9) exp 159 z . (55)

This expression shows that GVD introduces a quadratic spectral phase, which leads
to temporal broadening.

6.6 Time-domain envelope equation

Using the Fourier-transform identity

o2
02— -
or?’
the inverse transform of (55| yields
0A  ky0*A
5 20 (56)

Key observation. Thisequation is mathematically identical to a Schrodinger equation,
with propagation distance z playing the role of time.

6.7 Gaussian pulse propagation and temporal broadening

Assume a Gaussian input pulse:

2

A(0,7) = Agexp <_27T02> : (57)

Its Fourier transform is

272
A(0,9Q) = AgV2r T, exp(—QQTO) .

After propagation under GVD:

~ 22
A(z,Q) = AoV 2r Ty exp (—QQTO > exp (ik;Q%z) )

Inverting the transform gives

Alz,7) = A o l r ] (58)
2, T) = Ay—F———=exp|————| .
"I —ihye L 2TE —ike2)

16



6.8 Pulse broadening law

The intensity envelope remains Gaussian with width

12\ 2
T(z) = Tyy| 1 + <222> . (59)
15
Define the dispersion length
T2
Lp=-". 60
D= k] (60)

Then
T(z) = Toy/1 + (LZI))Q

Physical meaning. After propagating one dispersion length, the pulse duration in-
creases by a factor of /2.

6.9 Chirp induced by dispersion
Using
1 . T02 + ikQZ
T02 — leZ N Tél + (k22)27
the phase of contains a term proportional to 72. This corresponds to a linear

frequency sweep across the pulse (chirp), with instantaneous frequency increasing or de-
creasing depending on the sign of k.

PIC-oriented remarks (short but actionable)

e The TE/TM scalar reductions — are the exact algebraic bridge to slab
waveguide eigenvalue problems.

« Dispersion parameters (ki, ko, ... or (1, B2, ...) are waveguide-geometry dependent
in PICs (material + waveguide dispersion).

o Scattering in PICs often uses Rayleigh-like scaling for sidewall roughness at small
correlation lengths, and Born-like perturbation methods for weak index perturba-
tions.
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